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1. Microscopic model of ribosome dynamics along an mRNA 
Ribosome profiling provides positional information of ribosomes occupancy on 

mRNA transcripts at single nucleotide resolution. In order to investigate ribosomal 
dynamics on transcripts, we built a microscopic model to estimate the position-dependent 
behavior of mRNA-bound ribosomes. As shown in the following part of this section, the 
modeling results lead to a classification of mRNA-bound ribosomes into two groups: 
“initiating” and “working”, which helps us to build a concise macroscopic model in 
Section 2. 

 
A. Construction of a representative ribosome-occupancy profile. 
We first combine the experimentally obtained ribosome profiling data to obtain an 

average picture for ribosome occupancy along a “representative” gene with length 
𝑁!! = 300 amino acids [1]. The average ribosome occupancy 𝑂(𝑥) for codon position 
𝑥 = 1: 301, including the stop codon, was constructed via the following steps: 

1. All genes that code for proteins longer than 100 aa and have counts larger 
than 10 transcripts per million (TPM) were selected. This set of genes 
accounts for more than 75% of total reads.  

2. Total counts from the selected genes were normalized to one million 
(yielding reads per million, RPM) and the ribosome counts at the first and 
last 50 codons were obtained by summing the RPM at the corresponding 
position from all the selected genes (result shown in Figure 2B) and 
converted to fraction of total counts. This procedure effectively weights 
genes in the representative ribosome-count profile according to their level of 
expression.  

3. We used the data from the first 50 codons and the last 49 codons before the 
stop codon to produce a smooth fit to the experimentally obtained ribosome-
count profile. A gap with length 201 was inserted between the first 50 and 
last 49 codons before the stop codon to produce an mRNA producing 300 
amino acids. In order to capture the sharp drop of ribosome counts for the 
first several codons, together with the slower decrease over the rest of the 
profile, we used a sum of two decaying exponential functions to fit the data. 
The experimentally measured ribosome count from the stop codon (𝑥 =
301) was directly taken from the data without fitting. The final results are 
shown in Figure S4C. 

 
B. The microscopic model for bound ribosomes. 
In order to decipher the information about ribosome dynamics contained in 

ribosome occupancy 𝑂(𝑥), we built a microscopic model shown in Figure S4B. In this 
simplified model, bound ribosomes on codon 𝑥 move with a step rate 𝑟!(𝑥), and a certain 
fraction 𝑓!"(𝑥) abort translation during this transition. At steady state, the in- and out-flux 
of ribosomes at every codon x must be balanced: 
  
 𝑂 𝑥 − 1 ⋅ 𝑟s 𝑥 − 1 ⋅ 1− 𝑓!" 𝑥 − 1 =  𝑂 𝑥 ⋅ 𝑟s 𝑥 . Eq.S 1 
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According to Eq.S 1, under steady state, the relative occupancy of neighboring codons is 
determined by the step rate and fraction of aborted translation. The profile of 𝑂(𝑥) 
constrains the values of 𝑟! 𝑥  and 𝑓!"(𝑥). We would like to infer the value of 𝑟! 𝑥  and 
𝑓!"(𝑥) given 𝑂(𝑥) within some assumptions. Two possibilities concerning the profile of 
𝑂(𝑥) and the corresponding assumptions are listed below: 
 

1. O(x) decreases with 𝑥. This implies an increased step rate 𝑟! and/or a non-zero 
fraction of aborted translation 𝑓at. For simplicity, we assume a constant fraction 
(𝑓!"#) of the decrease of occupancy (! !!!

! !
− 1) can be attributed to an increased 

step rate ( !! !
!! !!!

− 1): 
 

 

𝑓!"# =

𝑟! 𝑥
𝑟! 𝑥 − 1

− 1

𝑂 𝑥 − 1
𝑂 𝑥 − 1

. 

Eq.S 2 

 
2. 𝑂(𝑥) does not decrease with 𝑥. This implies that the step rate 𝑟! does not increase 

with 𝑥. Under this condition, the higher 𝑓at, the more 𝑟! decreases with 𝑥.  
According to previous research, the translation elongation rate of ribosomes 
generally increases from 5’ to 3’[2, 3]. Therefore, we assume 𝑓at = 0 under this 
condition.    

 
With the former assumptions, we can derive 𝑟! 𝑥 − 1   and 𝑓!" 𝑥 − 1  given 

𝑟! 𝑥 : 
 

𝑟! 𝑥 − 1 =

𝑟! 𝑥

𝑓!"# ⋅
𝑂 𝑥 − 1
𝑂 𝑥 − 1 + 1

  , if 
𝑂 𝑥 − 1
𝑂 𝑥 > 1

𝑟! 𝑥 ⋅
𝑂 𝑥

𝑂 𝑥 − 1
,                 if 

𝑂 𝑥 − 1
𝑂 𝑥

≤  1

,  

Eq.S 3 

 

𝑓!" 𝑥 − 1 =
(1− 𝑓!"#) ⋅ (1−

𝑂 𝑥
𝑂 𝑥 − 1

)  , if 
𝑂 𝑥 − 1
𝑂 𝑥

> 1

0,                                                 if 
𝑂 𝑥 − 1
𝑂 𝑥 ≤  1

. 

Eq.S 4 

 
 

C. Calculation of step rate 𝑟!(𝑥) and fraction of aborted translation 𝑓!"(𝑥). 
By applying Eq.S 3 - Eq.S 4 to the ribosome occupancy 𝑂 𝑥  obtained 

experimentally in Section 1A, we can calculate 𝑟! and 𝑓!" from 𝑥 = 300 to 𝑥 = 1, for 
assumed values of 𝑓!"# and the step rate at the last coding codon 𝑟!(300). The existence 
of aborted translation has been suggested by previous studies [2, 4], however the 
quantitative fraction of aborted translation under different nutrient-limitations is difficult 
to quantify. Given the uncertainty of the aborted translation rate, we evenly sampled 
values of 𝑓!"# from 0 to 1 and values of 𝑟! 300  from 5 to 20 codon/sec. Each 
combination of 𝑓!"# and 𝑟! 300  gives a solution for 𝑟!(𝑥) and 𝑓!"(𝑥) from 𝑥 = 300 to 
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𝑥 = 1. The results are shown in Figure S4 D,E: regardless of 𝑓!"# and 𝑟! 300 , aborted 
translation predominantly happens within the first 10 codons, and the step rate stays 
relatively flat after the first 10 codons.  
 

D. Classification of ribosomes and mRNAs. 
Guided by the above results, we classify mRNA-bound ribosomes into two groups:  
1. Initiating ribosomes (symbolized by 𝑅!): ribosomes located within codon 1 to 10 

are classified as “initiating”. Given the results in Section 1C, we assume that aborted 
translation, if it exists at all, only happens to this group of ribosomes. As one ribosome 
roughly occupies 10 codons on an mRNA [5, 6], the binding of one ribosome at the 
initiating region excludes the association of another ribosome. Thereby mRNAs are 
divided into two groups: the freely initiable mRNAs (symbolized by 𝑀!), and the un-
initiable mRNAs with one ribosome occupying the 1-10 codon region (symbolized by 
𝑀!).  By definition, the number of un-initiable mRNAs is equal to the number of 
initiating ribosomes.  

2. Working ribosomes (symbolized by 𝑅!): ribosomes located after the 10-th codon 
are classified as “working”. They contribute to the increase of biomass. We assume that 
these ribosomes elongate at a constant rate 𝑘!" without terminating translation 
prematurely. Under this assumption, there is no aborted translation in transition from the 
last coding codon (𝑥 = 300) to the stop codon (𝑥 = 301), and the number of ribosomes 
transiting from the last coding codon to the stop codon is equal to the number of 
ribosomes leaving stop codon in a steady state. Therefore, the ribosome occupancy at 
stop codon does not influence the overall protein production rate. In addition, ribosomes 
occupancy at the stop codon are similar across different nutrient-limitations (Figure 2B), 
and only take about 2% of total ribosomes. Therefore, we count ribosomes at stop codon 
also as “working ribosomes” instead of classifying them into another group. 
 

2. Macroscopic model of ribosome dynamics among different states 
A. Dynamics of ribosomes and mRNAs between different states. 
In Section 1, we classified the mRNA-bound ribosomes into “initiating” and 

“working” states. This result allowed us to construct a macroscopic model that provides a 
concise picture of ribosomal dynamics. The transition of ribosomes between three states 
is shown in Figure 2C. As ribosomal subunits and free 70S ribosomes may convert 
between each other, they are treated as one group, named unbound ribosomes 
(symbolized by 𝑅!). A sub-population of the unbound ribosomes can associate with 
freely initiable mRNAs (𝑀!) with an effective rate constant 𝑘!. This reaction forms a 
complex composed of an initiating ribosome (𝑅!) and an un-initiable mRNA (𝑀!). The 
initiating ribosomes either become unbound ribosomes through aborted translation (with 
rate constant 𝑘!), or proceed to the 11-th codon to become working ribosomes (𝑅!) (with 
rate constant 𝑘!). Both processes can release the mRNA back to the freely initiable state. 
The working ribosomes elongate with constant rate 𝑘!". At the last coding codon, a 
fraction of bound ribosomes (~1/𝑁!!) enters stop codon with rate 𝑘!", and the same 
number of ribosomes complete translation and releases mRNA and become unbound 
ribosomes.  



 
 

5 
 

The non-redundant kinetic ordinary differential equations for the number of 
ribosomes and mRNAs in each state are: 

 
 𝑑𝑅!

𝑑𝑡 = 𝑘! ⋅𝑀! ⋅ 𝑅! − 𝑘! ⋅ 𝑅! − 𝑘! ⋅ 𝑅!,  
Eq.S 5 

 𝑑𝑅!
𝑑𝑡 = 𝑘! ⋅ 𝑅! −

𝑘!"
𝑁!!

⋅ 𝑅!,  
Eq.S 6 

 𝑑𝑀!

𝑑𝑡 = −𝑘! ⋅𝑀! ⋅ 𝑅! + 𝑘! ⋅ 𝑅! + 𝑘! ⋅ 𝑅!. 
Eq.S 7 

 
Under steady-state growth conditions, the fluxes between ribosomal states should be 

balanced, and the right-hand sides of Eq.S 5 - Eq.S 7 should all be equal to zero (the 
production and degradation/dilution by growth of new ribosomes and mRNAs occurs at a 
negligible rate compared to their recycling). The total number of ribosomes (𝑅!) and the 
total number of mRNAs (𝑀!) are constant parameters for this model: 

 
 𝑅! + 𝑅! + 𝑅! = 𝑅!, Eq.S 8 
 𝑀! +𝑀! = 𝑀!, Eq.S 9 
and by the definition in Section 1D, 
 𝑀! = 𝑅!. Eq.S 10 

 
B. Estimation of 𝑅!, 𝑀!, 𝑘!", and 𝑘! from experimental measurements. 
We are interested in the biological mechanisms that lead to distinct ribosomal 

dynamics under different nutrient conditions. Possible regulatory processes can be 
represented by parameters in the macroscopic model, including the total number of 
ribosomes and mRNAs and the rates for ribosomes to initiate, dissociate, and elongate. 
Some of these parameters, specifically 𝑅! , 𝑀!,  𝑘!", and 𝑘!, can be directly estimated 
from experimental measurements as follows: 

 
1. The total number of ribosomes (𝑅!): The total mass of rRNA can be obtained by 

multiplying the RNA-to-protein ratio (𝑅𝑃𝑅), protein mass in a cell (𝑃!), and the 
fraction of RNA as rRNA (𝑓!).  Given the mass of the rRNA in a ribosome as 𝑚!, 
we estimated the total number of ribosomes in a cell:   
 

 𝑅! = 𝑃! ⋅ 𝑅𝑃𝑅 ⋅
𝑓!
𝑚!
. Eq.S 11 

 
2. The total number of mRNAs in a cell (𝑀!): The method is similar to the 

calculation of 𝑅! in Eq.S 11. Given the fraction of RNA as mRNA as 𝑓!, and the 
average weight of a nucleotide as 𝑚!"#, we have:  
 

 
𝑀! = 𝑃! ⋅ 𝑅𝑃𝑅 ⋅

𝑓!
𝑁!! ⋅𝑚!"# ⋅ 3

. 
Eq.S 12 
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3. The protein synthesis rate (𝐽!): The amount of newly synthesized proteins in a cell 
per second is defined as 𝐽! (aa/sec).  𝐽! can be calculated by two ways: One, the 
growth rate 𝜇 (h-1) can be calculated as the relative rate of protein mass 
accumulation: 𝜇 = !!

!!/!!!
, where 𝑚!! is the average mass of amino acid (g). 

Therefore, 𝐽! is linearly proportional to the growth rate:  
 

 𝐽! = 𝜇 ⋅
𝑃!

3600 ⋅𝑚!!
. Eq.S 13 

 
𝐽! can also be calculated from the contribution of working ribosomes to the 
growth of the total protein pool: 

 𝐽! = 𝑅! ⋅ 𝑘!" . Eq.S 14 
 
Combining Eq.S 13 and Eq.S 14, the growth rate 𝜇 is determined by three factors: 
the total number of ribosomes (𝑅!), the fraction of working ribosomes (∅!"), and 
the average elongation rate of the working ribosomes (𝑘!"):  
 

 𝜇 = 𝑅! ⋅ ∅!" ⋅ 𝑘!" ⋅
3600 ⋅𝑚!!

𝑃!
. Eq.S 15 

 
The contribution of these three factors to the growth rate is illustrated by Figure 
2A. The surface in the space of these three factors that corresponds to growth rate 
𝜇 = 0.1 h!! is shown in Figure S5I, with the estimated values of 𝑅!, ∅!", and 𝑘!" 
under various conditions indicated on this surface.  
 
Substituting 𝑅! in Eq.S 15 by Eq.S 11, the relationship between the four 
experimentally measured values – growth rate (𝜇), RNA-to-protein ratio (𝑅𝑃𝑅), 
average elongation rate (𝑘!"), and fraction of working ribosomes (∅!") – is given 
by: 
 

 𝜇 = 𝑅𝑃𝑅 ⋅ ∅!" ⋅ 𝑘!" ⋅ 3600 ⋅𝑚!! ⋅
𝑓!
𝑚!

. Eq.S 16 

 
Eq.S 16 can be used to estimate growth rate as shown in Figure 1F. Using 
different definitions of  ∅!", we show that it can lead to different estimations of 
growth rate. The  ∅!" we used for modeling is from the following Section 2B4.  
While growth rate, RNA-to-protein ratio and fraction of working ribosomes are 
global measurements, the elongation rate was measured using the lacZ induction 
assay. 
 
In order to obtain a global estimate of the elongation rate 𝑘!", we derived 𝑘!" from 
the measurements of growth rate, RNA-to-protein ratio, and the fraction of 
working ribosomes by the following steps 4-5. 
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4. Quantifying the fraction of different ribosomal species: The fraction of unbound 
ribosomes is the sum of the free 70S fraction and the subunit fraction (∅!" =
∅!"#$% + ∅!"). The fraction of initiating ribosome is calculated by multiplying the 
fraction of bound ribosomes by the sum of ribosome occupancies at the first 10 
codon (∅!" = 𝑂(𝑥)!"

!!! ⋅ (∅!"#$% + ∅!"#$%)). The fraction of working 
ribosomes is calculated by multiplying the fraction of bound ribosomes with the 
summation of ribosome occupancy at the 11-th to 301-th codon 
(∅! = 𝑂(𝑥)!"#

!!!! ⋅ (∅!"#$% + ∅!"#$%)).  
 

5. Estimating the average working ribosome elongation rate 𝑘!": From Eq.S 16 and 
the definition of ∅!", 𝑘!" can be calculated by measurements of RPR and ∅!": 

 
 

 𝑘!" =
𝜇

𝑅𝑃𝑅 ⋅ ∅!" ⋅ 3600 ⋅𝑚!! ⋅
𝑓!
𝑚!

. Eq.S 17 

 
The resulting 𝑘!" is within the error range of the elongation rates measured from 
the lacZ induction assay (Figure S5A).  
 

6. The rate constant 𝑘! for ribosomes to proceed from initiating to working: 
According to Eq.S 6, at steady state, 
 

 
𝑘! =

𝑘!"
𝑁!!

⋅
∅!"
∅!"

.  
Eq.S 18 

 
C. Fraction of working ribosomes (∅!") as a function of kinetic parameters. 
Among the three factors in Eq.S 15 that determine growth rate, 𝑅! and 𝑘!" are 

parameters of the macroscopic model. In contrast, the fraction of working 
ribosomes, ∅!", is the outcome of dynamic processes described by the parameters in the 
macroscopic model. We would like to infer the relationship between ∅!" and these 
parameters, in order to identify the mechanisms that lead to the different observed ∅!" 
under different conditions.  

The parameters 𝑘! and 𝑘! cannot be obtained experimentally. Nevertheless, we will 
show in the following part of this section that these two parameters work in combination 
to influence the value of ∅!", and the combined parameter can be obtained from 
experimental measurements. � 

According to Eq.S 5-Eq.S 10, in steady state, we obtained an expression for ∅!":  
 

∅!" =
𝐹
2 ⋅

1
𝑆 ⋅ 𝐹 + 1 +

𝑀!

𝑅!
−

1
𝑆 ⋅ 𝐹 + 1 +

𝑀!

𝑅!

!

− 4 ⋅
𝑀!

𝑅!
⋅

1
𝐹 + 1

!
!
, 

 with 

𝐹 = 𝑁!! ⋅
𝑘!
𝑘!"
, 

Eq.S 
19 
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𝐾! =
𝑘! + 𝑘!
𝑘!

,  

𝑆 =
𝑅!

𝐾! + 𝑅!
. 

 
Eq.S 19 depends on three combined parameters: !!

!!
 and 𝐹, 𝑆. According to Eq.S 11 

and Eq.S 12,  !!
!!
= !!⋅!!

!!!⋅!!"#⋅!⋅!!
 is a constant across different conditions under our 

assumptions. Physically, the combined parameter 𝐹 can be interpreted as the “relative 
proceeding rate”, reflecting the rate for ribosomes to proceed from an initiating to a 
working state relative to the average elongation rate.  If there were no regulation at this 
step, 𝐹 would be constant across different conditions regardless of elongation rates. 
However, if there is nutrient-specific regulation on the step rate or aborted translation rate 
within the first 10 codons, 𝐹 will have different values for different conditions. The value 
of 𝐹 can be calculated from the ribosomal profiling data according to Eq.S 18:  
𝐹 = !(!)!!!"#

!!!!
!(!)!!!"

!!!
. Figure S5B shows the values of 𝐹 under C-, N-, P-limitations (𝜇 =

0.1 h!!) and Minimal condition (𝜇 = 0.9 h!!) for WT and the relA mutant.  
 
The lumped parameter 𝑆 can be interpreted as a “saturation parameter”: According 

to Eq.S 5-Eq.S 10 and Eq.S 13-Eq.S 14, the growth rate can be expressed as a function of 
𝑅!, mimicking the form of Michaelis-Menten:  

 
 𝜇 𝑅! =

3600 ⋅ 𝑁!! ⋅𝑚!!

𝑃!
⋅𝑀! ⋅ 𝑘! ⋅

𝑅!
𝐾! + 𝑅!

. Eq.S 20 

 
In analogy to enzymatic reactions, in our model, ribosome subunits can be viewed as 

the substrates, mRNA as the enzyme, and working ribosomes as the product, and 
therefore 𝐾! is interpreted as the half-saturation concentration of unbound ribosomes. 
Therefore, 𝑆 = !!

!!!!!
 positively correlates with the degree of saturation for ribosomes in 

translation: A value of 𝑆 near zero implies a large fraction of mRNAs are initiable, 
waiting for ribosomes, while 𝑆 approaching one implies most mRNAs are occupied in the 
initiation region and increasing in ribosome number cannot substantially boost growth 
rate. The value of 𝑆 can be calculated by quantifying the ribosomal species according to 
Eq.S 5, Eq.S 11, and Eq.S 12: 𝑆 = 1/(1+ ( !!⋅!!

!!!⋅!!"#⋅!⋅!!
− 𝜙!") ⋅

!!"
!!"
). Figure S5C shows 

the values of 𝑆 under C-, N-, P-limitations (𝜇 = 0.1 h!!) and Minimal condition 
(𝜇 = 0.9 h!!) for wild type and the relA mutant.   

 
According to Eq.S 19, ∅!" is an increasing function of both 𝐹 and S (Figure S5H). 

In wild type, the relative proceeding rate 𝐹 and the saturation parameter 𝑆 both increase 
from C-, N- P-limitation to Minimal condition, leading to an increasing ∅!". The relA 
mutant under P-limitation has a very high relative proceeding rate, consistent with the 
known biological role of relA. By contrast, the loss of relA does not affect the saturation 
parameter.  
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D. Growth rate 𝜇 as a function of total ribosome number 𝑅! and total mRNA number 

𝑀!. 
Ribosomes and mRNAs are two major players in translation. If the number of 

ribosomes were too high relative to mRNAs, most initiation regions of mRNAs would be 
occupied, leaving a large number of idle unbound ribosomes; if the number of mRNAs 
were too high, there would not be enough ribosomes for each mRNA to be translated 
efficiently. Given our detailed estimation of the parameters associated with translation 
under different nutrient conditions, we are interested in how the total number of 
ribosomes and mRNAs influences the protein production rate, and which one is the 
limiting factor for cell growth.  

Combining Eq.S 15 and Eq.S 19, yields the growth rate 𝜇 as a function of 𝑅!,𝑀!, 
and other kinetic parameters of the macroscopic model:  
 

𝜇 𝑅!,𝑀! =
3600 ∗𝑚!!

𝑃!
⋅
𝑘!
2 ⋅ 𝑁!!

⋅ 𝐴 ⋅ 𝐾! + 𝐴 ⋅ 𝑅! +𝑀!

− 𝐴 ⋅ 𝐾! + 𝐴 ⋅ 𝑅! +𝑀!
! − 4 ⋅𝑀! ⋅ 𝑅! ⋅ 𝐴

!
! , 

with 

𝐴 =
1

𝐹 + 1 =
1

𝑁!! ⋅ 𝑘!
𝑘!"

+ 1
. 

Eq.S 
21 

 
This function resembles the shape of a Michaelis-Menten function of both 𝑅! and 

𝑀!. Intuitively, 𝜇 = 0 when 𝑅! or 𝑀! equal to zero. If 𝑅! increases while 𝑀! is held 
constant, 𝜇 monotonically increases and saturates at 
 𝜇 ∞,𝑀! =

3600 ⋅𝑚!!

𝑃!
∗ 𝑘! ∗ 𝑁!! ∗𝑀!.  

Eq.S 22 

The half-saturation value of 𝑅! is also linearly increasing with 𝑀!: 
 𝑅!,!/! =

1
2 ⋅ 𝐴 ⋅𝑀! + 𝐾!.  

Eq.S 23 

Figure S5 D,E show the functions 𝜇(𝑅!), the half-saturation values of 𝑅!, and the 
estimated values of 𝑅! under different nutrient conditions while 𝑀! is held constant. 

 
If 𝑀! increases while 𝑅! is held constant, 𝜇 monotonically increases and saturates at 
 𝜇 𝑅!,∞ =

3600 ⋅𝑚!!

𝑃!
⋅ 𝑘! ⋅ 𝑁!! ⋅ 𝐴 ⋅ 𝑅!.  

Eq.S 24 

The half-saturation value of 𝑀! is also linearly increasing with 𝑅!: 
 𝑀!,!/! =

𝐴
2 ⋅ 𝑅! + 𝐴 ⋅ 𝐾!.  

Eq.S 25 

Figure S5 F,G show the functions 𝜇(𝑀!), the half-saturation values of 𝑀!, and the 
estimated values of 𝑀! under different nutrient conditions while 𝑅! is held constant.  

As shown in Figure S5 D-G, in all conditions, the estimated ribosome numbers are 
smaller than their half-saturation concentrations, falling in the linear region. By contrast, 
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the estimated mRNA number is close to or larger than mRNA half-saturation value, albeit 
not fully saturated. In future, it will be interesting to directly probe the degree of 
saturation for both ribosomes and mRNAs experimentally.  
 

E. Predicting the growth rate after nutrient upshift to rich medium. 
As mentioned in the main text, there appear to be diverse strategies that achieve the 

same growth rate under different nutrient limitations, but these strategies may lead to 
different outcomes when the environment changes. One possibility is that having extra 
ribosomes at slow growth rates can enable a faster recovery when nutrients become 
abundant again. Therefore, we expanded our macroscopic model beyond steady state to 
predict growth dynamics upon nutrient upshift. 

The rate of cell growth positively correlates with the rate of protein synthesis. 
Among newly synthesized proteins, a certain fraction of mass is allocated to ribosomal 
proteins (𝛹!(𝑡)). The steady-state value of this mass fraction (𝛹!∗) under a given 
condition (𝑖) can be calculated from the estimated number of total ribosomes: 

 
 𝛹!,!∗ = 𝑅! ⋅ 𝑁!"" ⋅

𝑚!!

𝑃!
. Eq.S 26 

 
𝑁!"" is the number of amino acids in a ribosome, and 𝑚!! is the average mass of an 

amino acid in E. coli protein. The time-dependent growth rate 𝑔(𝑡) of a bacterial 
population can be defined in terms of the increase in total cell volume:  

 
 

𝑔 𝑡 =
𝑉! 𝑡
𝑉 𝑡 . 

Eq.S 27 

 
Assuming the concentration of protein (𝐶!) remains constant, the rate of increase of 

total volume will be linearly related to the rate of increase of protein mass, which is 
proportional to the concentration of working ribosomes  𝑟!(𝑡) and the translation 
completion rate 𝑘!"/𝑁!!:  

 
 𝑉! 𝑡 = 𝑉 𝑡 ⋅ 𝑘!" ⋅ 𝑟! 𝑡 ⋅

𝑚!!

𝐶!
.  Eq.S 28 

 
Based on Eq.S 27 and Eq.S 28, the growth rate can be expressed as: 

 𝑔 𝑡 = 𝑘!" ⋅ 𝑟! 𝑡 ⋅
𝑚!!

𝐶!
. Eq.S 29 

However, during the process of reaching steady state, Φ!(𝑡) might be regulated, e.g. 
to accelerate cell growth, and therefore could be a time-dependent function.  

Applying the chain rule of differentiation to intracellular concentrations, 
! !

!
!"

= !
!
⋅

!"
!"
− !

!
⋅ (!
!
⋅ !"
!"
), the rates of change in the concentration of different ribosome species 

can be expressed as: 
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 𝑑𝑟!(𝑡)
𝑑𝑡 = 𝛹! 𝑡 ⋅

𝑘el
𝑁!!

⋅ 𝑟! 𝑡 − 𝑔 𝑡 ⋅ 𝑟! 𝑡 , 
Eq.S 30 

 𝑑𝑟!
𝑑𝑡 = 𝑘! ⋅𝑀! ⋅ 𝑟! 𝑡 − 𝑟! 𝑡 − 𝑟! 𝑡 − 𝑘! ⋅ 𝑟! 𝑡 − 𝑘! ⋅ 𝑟! 𝑡 − 𝑔 𝑡

⋅ 𝑟! 𝑡 , 

Eq.S 31 

 𝑑𝑟!(𝑡)
𝑑𝑡 = 𝑘! ⋅ 𝑟! 𝑡 −

𝑘el
𝑁!!

⋅ 𝑟! 𝑡 − 𝑔 𝑡 ⋅ 𝑟! 𝑡 . 
Eq.S 32 

 
We are interested in the growth dynamics after switching cells from C-, N-, or P-

limitation to rich medium. We therefore solved Eq.S 30-Eq.S 32 for parameter values 
obtained under rich condition. The initial states of 𝑟!, 𝑟!, and 𝑟! were taken as their 
steady-state values ( 𝑟!∗, 𝑟!∗, and 𝑟!∗  ) under C-, N-, and P-limitations, respectively. 

The fraction of newly synthesized ribosomal proteins 𝛹!(𝑡) reflects the 
regulation of protein allocation by the cell. Eventually this value needs to reach the 
steady-state 𝛹!∗

 in rich media. Nevertheless, during the transition period, different 
strategies of regulating 𝛹!(𝑡) yield different growth dynamics. In our model, we tested 
three different control strategies for 𝛹!(𝑡): Bang-Bang control 
 

𝛹! 𝑡 =
1  if 𝑟! < 𝑟!,!"#$∗

𝛹!,!"#$∗  if 𝑟! = 𝑟!,!"#$∗

0   if 𝑟! > 𝑟!,!"#$∗
 , 

Eq.S 33 

smooth control (𝛹! 𝑡 = 2 ⋅𝛹!,!"#$∗ /( !!
!!,!"#$
∗ + 1) ), and steady-state control (𝛹!(𝑡)= 

𝛹!,!"#$∗ ). Interestingly, we found that a Bang-Bang control strategy gave the prediction 
closest to our experimentally observed dynamics (Figure S8). It has been shown that 
Bang-Bang control of regulation can maximize the accumulated increase of cell volume 
[7-9]. 
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Figure S1. (Related to Figure 1) Lower RNA-to-protein ratio under P-limitation results from
lower RNA concentration, and phosphorus metabolism-related genes are not involved in
the regulation. (A)Total protein (µg/mL/OD600) and (B) RNA (µg/mL/OD600) concentrations
were measured. These data were used to generate Figure 1B of the RNA-to-protein ratio. Each
data point represents three technical replicates with standard deviation plotted as error bars. (C)
RNA-to-protein ratio for chemostat cultures of wild-type and ΔphoB cells upon N-, and P-
limitations at different growth rates. Each data point represents three technical replicates with
standard deviations after error propagation shown as error bars. (D) RNA-to-protein ratio for
chemostat cultures of wild-type and Δppk cells upon N-, and P-limitations at different growth
rates. Each data point represents three technical replicates with standard deviations after error
propagation shown as error bars.
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Figure S2. (Related to Figure 1) Elevated [K+] distinguishes mRNA-free from mRNA-bound
70S ribosomes. The plot shows the separation of these two distinct 70S species under different
growth conditions using 170 mM K+. The A254 values are vertically shifted for each condition for
easier visualization. Puromycin is used as a positive control for free ribosome accumulation and
fast-growing cells in glucose minimal media (Min-0.9) are used as a negative control for cells
expected to lack free ribosomes.
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Figure S3. (Related to Figure 1) Deletion of raiA does not alter ribosome dynamics. (A) RNA-
to-protein ratio of wild type and ΔraiA at growth rate 0.1 h-1 under different nutrient limitations.
Each data point represents three technical replicates with standard deviations after error
propagation shown as error bars. (B) Polysome profiles of wild type and ΔraiA cells. Same amount
of RNA from WT and ΔraiA was loaded for comparison. Deletion of raiA has no effect on the size of
70S peak. 100S peak from ribosome dimerization was not detected under any condition. The thin
dashed line marks the average baseline.
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Figure S4. (Related to Figure 2) Modeling ribosome dynamics on an mRNA with a microscopic model.
(A) Comparison of ribosome density between first and second halves of genes. Scatter plot of summed RPM
(reads per million) in the first and second halves of each gene. Blue line has a slope of one. Red line is the
fitting result with the value of slope marked in the graph. (B) Illustration of the microscopic model for bound
ribosome dynamics on mRNA, and the corresponding flux balance equation. (C) Dark bars are the
normalized ribosome count in the first 50 and the last 50 codons from ribosome profiling studies. Red curves
are the smoothed ribosome occupancies obtained by fitting the normalized ribosome count in the first 50 and
the last 49 codons to two-term exponential functions, and copying the observed count number at the stop
codon. (D-E) The position-dependent normalized step rate (s-1) and fraction of aborted translation that best fit
the smoothed ribosome occupancies in (C). Insets are magnifications for codon position 1-10.
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Figure S5. (Related to Figure 2) Parameters of the macroscopic model relate translation activity and
growth. (A) Comparison of predicted elongation rates from the macroscopic ribosome dynamic model with
experimentally measured ones. (B-C) The relative proceeding rate (Naa⋅kp/kel) and saturation parameter (R t
/(Km+R t)) under various conditions. (D-G) Model relationships between total number of ribosomes (D-E) or
mRNAs (F-G) and growth rate, while the total number of mRNAs or ribosomes is held constant. Dashed
lines indicate the half-saturation concentration, and dots mark the estimated values of ribosomes or mRNAs
under each condition. (H) Fraction of working ribosomes as a function of relative proceeding rate and
saturation parameters. Color indicates the fraction of working ribosomes (ϕRw) as a function of relative
proceeding rate and saturation parameter. Filled circles indicate the values for C-, N-, P-limited wild type
cells, and open circles indicate corresponding values in ΔrelA mutants. (I) The relationship between
elongation rate (kel), fraction of working ribosomes (ϕRw), and total number of ribosomes (Rt) that leads to the
same growth rate of 0.1 h-1. Filled circles indicate the values for C-, N-, P-limited wild type cells, and open
circles indicate the corresponding values for the ΔrelA mutant.
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Figure S6. (Related to Figure 3) relA-dependent ppGpp production leads to free ribosome
accumulation under stringent response and nitrogen limitation. (A) Polysome profile of wild type and
ΔrelA cells with and without treatment of serine hydroxamate (SHX) for ten minutes. (B) Free-ribosome
profiling using 170 mM KCl to distinguish mRNA-free and mRNA-bound ribosomes. (C) Polysome profile
of wild type and ΔrelA cells at growth rate of 0.1 h-1. (D) Ratios of RNA-to-protein ratios of wild type and
ΔrelA at growth rate of 0.1 h-1. Three technical replicates were collected and standard deviation was
plotted as error bars.
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Figure S7. (Related to Figure 3) Deletion of relA disrupts translation under nitrogen limitation.
(A) Ratio of codon occupancy between ΔrelA and wild type cells under carbon limitation at 0.1 h-1. (B)
Ratio of codon occupancy between ΔrelA and wild type cells under phosphorus limitation at 0.1 h-1. (C)
Cumulative fraction of ribosome counts of fabI in wild type and ΔrelA under C-, N- and P-limitations at
0.1 h-1. The vertical dotted lines and red triangles mark the positions of glutamine codons.
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Figure S8. (Related to Figure 4) Different allocation strategies determine growth dynamics upon
modeled nutrient upshift to rich medium. After nutrient upshift to a rich condition, different
regulatory strategies for ΨR(t), the fraction of new protein synthesis allocated to ribosomal proteins (first
three rows for C-, N-, and P-limitations, respectively), and their resulting post-upshift growth curves
(last row).
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Table S1. Definitions and values of parameters used in ribosome dynamics models.  
 
Symbol Definition Value Source 

𝑅𝑃𝑅 Mass ratio of total RNA to 
total Protein  

WT C-limit 0.16 This work 
WT N-limit 0.16 
WT P-limit 0.08 
relA C-limit 0.16 
relA N-limit 0.16 
relA P-limit 0.08 
WT Min 0.34 
WT Rich 0.56 

𝜇 Steady-state growth rate (h-1) WT C-limit 0.09 This work 
WT N-limit 0.09 
WT P-limit 0.09  
relA C-limit 0.09 
relA N-limit 0.09 
relA P-limit 0.09  
Min 0.93  
Rich 1.6  

∅!" Fraction of ribosomes that are 
not bound to mRNA 

WT C-limit 0.69 This work 
WT N-limit 0.49 
WT P-limit 0.35 
relA C-limit 0.64 
relA N-limit 0.34 
relA P-limit 0.37 
WT Min 0.34 

∅!" Fraction of ribosomes locating 
at the first 10 codon of 
mRNA, may abort translation 
prematurely 

WT C-limit 0.03 This work 
WT N-limit 0.03 
WT P-limit 0.03 
relA C-limit 0.02 
relA N-limit 0.02 
relA P-limit 0.03 
WT Min 0.03 

∅!" Fraction of ribosomes locating 
after the first 10 codon of 
mRNA, contribute to the 
protein production in constant 
elongation rate 

WT C-limit 0.29 This work 
WT N-limit 0.47 
WT P-limit 0.62 
relA C-limit 0.34 
relA N-limit 0.64 
relA P-limit 0.60 
WT Min 0.63 

𝑓! Fractional mass of rRNA 
among total RNA 

0.85 [10] 

𝑓! Fractional mass of mRNA 
among total RNA 

0.02 [11] 

𝑉! Cell volume (m3) 10-18 [12] 
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𝐶! Concentration of proteins 
(g/m3) 

2.4 × 105 [13] 

𝑚! Mass of the rRNA component 
in a ribosome (g) 

2.8 × 10-18 [14] 

𝑚!"# Average mass of a nucleotide 
in RNA in E. coli (g) 

5.4 × 10-22 [15] 

𝑚!! Average mass of an amino 
acid in E. coli protein (g) 

1.8 × 10-22 [16] 

𝑁!"" Number of amino acids in the 
ribosome 

7459 [17] 

𝑁!! Average mRNA length (aa) 300 [1] 
𝑃! Total protein mass in a cell (g) 𝐶! ∙ 𝑉! 
𝑂(𝑥) Average occupancy of 

ribosomes at the 𝑥-th codon 
Obtained by fitting the data from 
ribosome profiling 

𝑟!(𝑥) Step rate of ribosomes from 
codon 𝑥 to the next codon 

 

𝑓at 𝑥  Fraction of ribosomes that 
abort translation during 
transition from codon 𝑥 to the 
next codon 

 

𝑅! Total number of ribosomes per 
cell 𝑃! ⋅ 𝑅𝑃𝑅 ⋅

𝑓!
𝑚!

 

𝑅! Initiating ribosomes: 
ribosomes located within the 
first 10 codons 

𝑅! ⋅ ∅!" 

𝑅! Working ribosomes: 
ribosomes located within 
codon 11 to 301.   

𝑅! ⋅ ∅!" 

𝑅! Unbound ribosomes, including 
70S free ribosomes and 
subunits 

𝑅! ⋅ ∅!" 

𝑀! Total number of mRNAs per 
cell 𝑃! ⋅ 𝑅𝑃𝑅 ⋅

𝑓!
𝑁!! ⋅𝑚!"# ⋅ 3

 

𝑀! Un-initiable mRNAs, with one 
ribosome bound within the 
first 10 codons 

𝑅! 

𝑀! Freely initiable mRNAs, with 
no ribosome bound within the 
first 10 codons 

𝑀! −𝑀! 

𝑘! Effective rate constant for 
unbound ribosomes and free 
mRNAs to initiate translation 
(1/s) 

 

𝑘! Rate constant for initiating 
ribosomes to abort translation 
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(1/s) 
𝑘!" Elongation rate for working 

ribosomes (aa/s) 
𝜇

𝑅𝑃𝑅 ⋅ ∅!" ⋅ 3600 ⋅𝑚!! ⋅
𝑓!
𝑚!

 

𝑘! Rate constant for initiating 
ribosomes to transition into 
working ribosomes (1/s) 

𝑘!"
𝑁!!

⋅
∅!"
∅!"

 

𝐽! Total rate of protein synthesis 
(aa/s) 𝐽! = 𝜇 ⋅

𝑃!
3600 ⋅𝑚!!

 

𝐽! = 𝑅! ⋅ 𝑘!" 
𝐹 Relative proceeding rate 𝑁!! ⋅ 𝑘!

𝑘!"
 

𝑆 Saturation parameter 𝑘! + 𝑘!
𝑘!

+ 𝑅!
𝑅!

 

𝑉(𝑡) Volume of the population at 
time 𝑡 

 

𝑔(𝑡) Growth rate of the population 
at time 𝑡 

 

𝛹!(𝑡) Fraction of newly-synthesized 
proteins allocated to ribosomal 
proteins 

 

𝑟! Concentration inside cells of 
total number of ribosomes  

 

𝑟! Concentration inside cells of 
initiating ribosomes 

 

𝑟! Concentration inside cells of 
working ribosomes 
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